Abstract We describe a simplified derivation for the relativistic corrections of order α 4 for a bound system consisting of two spinless particles. We devote special attention to pionium, the bound system of two oppositely charged pions. The leading quantum electrodynamic (QED) correction to the energy levels is of the order of α 3 and due to electronic vacuum polarization. We analyze further corrections due to the self-energy of the pions, and due to recoil effects, and we give a complete result for the scalar-QED leading logarithmic corrections which are due to virtual loops involving only the scalar constituent particles (the pions); these corrections are of order α 5 ln α for S states.
Introduction
Exotic bound systems like pionium [1, 2] (the bound system of two oppositely charged pions) offer interesting possibilities for studies of fundamental properties of quantum mechanical bound states: the interplay between strong-interaction corrections and quantum electrodynamic corrections is of prime interest, and the small length scales characteristic of the heavy particles make it possible to explore effects of the virtual excitations of the quantum fields in previously unexplored kinematical regimes [3] [4] [5] . Of course, any potential high-precision experiments in this area are faced with various experimental difficulties. Our calculations address QED corrections to the spectrum of bound systems whose constituent particles are spinless; relativistic corrections to the decay lifetime of pionium have recently been discussed in [6] in the context of the DIRAC experiment at CERN.
Here, we report on results regarding the spectrum of a bound system consisting of two spinless particles. We apply the simplified calculational scheme employed in [7] for the relativistic and recoil corrections to a bound systems of two "non-Dirac" particles to the case of two interacting spinless particles (see Sec. 2). We then recall known results on leading-order vacuum polarization corrections in Sec. 3 and clarify the relative order-of-magnitude of the one-and two-loop electronic vacuum polarization, the relativistic and recoil corrections and the self-energy effects in pionium (also in Sec. 3). We then provide an estimate for the self-energy effect in Sec. 4 , and we analyze the leading recoil correction of order α 5 (the Salpeter correction) which leads us to complete results for the scalar-QED logarithmic corrections of order α 5 ln α.
Breit Hamiltonian for Spinless Particles
We start from the Lagrangian for a charged spinless field coupled to the electromagnetic field [see equations (6-50) -(6-51b) of [8] ],
where the field strength tensor
. We use natural units withh = c = 1. The transition current for the spinless particle can be inferred from (1); it reads in momentum space
This current now has to be expressed in terms of nonrelativistic wave functions. Specifically, the j 0 -component has to reproduce the normalization of the nonrelativistic (Schrödinger) wave function. By contrast, according to Eq. (2) the zero-component of the current reads 2m φ * φ in the nonrelativistic limit p ′0 → m , p 0 → m. The nonrelativistic wave functions are normalized according to
It is therefore evident that we cannot simply associate the relativistic wave function φ with φ S ; rather, we should define according to Eqs. (13) - (14) of [7] φ
where p 0 = E = m+O(Zα) 2 is the energy of the particle. Questions related to the normalization of the Klein-Gordon wave functions are discussed in detail in [9] [10] [11] [12] . In terms of the Schrödinger wave function, the current is given as
where m is the mass of the particle. Strictly speaking, Eq. (6) is only valid up to corrections of relative order (Zα) 2 ; however, these can be neglected because the spatial components of the transition current give rise to effects of order (Zα) 4 which is the order of magnitude we are interested in, here. Further corrections would contribute at the order of (Zα) 6 . In the following, the index S on the wave function will be dropped, and the nonrelativistic amplitudes describing the two interacting particles will be denoted with the indices 1 and 2, respectively. Following [7] , the Breit Hamiltonian U (p 1 , p 2 , q) in momentum space is related to the invariant scattering amplitude M and to the photon propagator D µν (q) in the following way [see also equation (83, 8) in [13] ]:
where
. We employ a Coulomb-gauge photon propagator,
where we can neglect the energy of the virtual photon for the derivation of next-to-leading order relativistic corrections,
The invariant scattering amplitude M then reads
We therefore identify
We perform the angular average over q (dΩ q denotes an infinitesimal the solid angle) and obtain
We now transform to the center-of-mass frame in which
The Breit Hamiltonian, which we denote by H B , is obtained by adding to this result the relativistic correction to the kinetic energy,
After Fourier transformation into coordinate space, we obtain
In the order of (Zα) 4 , there is no contribution due to virtual annihilation for spinless particles; corrections of this type would enter only for positronium and dimuonium [5] because they are caused by the spin-dependent part of the transition current [see Eqs. (83, 20) and (82,22) of [13] ], which is absent for spinless particles. The formula (83,13) of [13] was employed in evaluating the Fourier transform,
The matrix elements of the Breit Hamiltonian (15) for spinless particles can be evaluated on nonrelativistic bound states via computational techniques outlined in Sec. A3 of Ch. 1 of [14] . For m 1 = m 2 = m and Zα = −e 1 e 2 , we obtain
as the Breit energy for the energy levels of the bound system of two spinless particles, including relativistic corrections of order α 4 . The result (17) agrees with previous calculations [7, [15] [16] [17] [18] [19] , notably with Eq. (38) of [17] . It is instructive to compare the result (17) with the known result for a single-particle system of mass m/2 satisfying the Klein-Gordon equation. According to Eq. (2-86) of [8] , we obtain the "Klein-Gordon energy" (KG)
The two results (17) and (18) are manifestly different in the order of (Zα) 4 . From (15) we conclude that the zitterbewegung term is absent for spinless particles. However, this statement is in need of further explanation because considerable confusion exists in the literature with regard to the question of the precise definition of the zitterbewegung term. We would like to adhere to the definition that the zitterbewegung term is the term of order (Zα) 4 in the Breit Hamiltonian generated by a contribution which is manifestly proportional of δ(r) in coordinate space (or a constant in momentum space). Such a term is absent in the result (15) . For spin-1/2 particles, such a term is generated by the multiplication of the photon propagator (proportional to 1/q 2 ) with the zero-component of the transition current which is given for a spin-1/2 particle as [see equation (4) of [7] ]
Here, u is the bispinor amplitude for the bound particle, and w is the bound-state Schrödinger wave function related by
according to equation (3) of [7] . One might wonder why a term proportional to δ l0 , apparently generated by a δ-function in coordinate space, prevails in the Breit energy (17) . This term arises naturally when evaluating a matrix element of the structure φ S |(r · (r ·p)p)/r 3 |φ S (last term of equation (15)) on the nonrelativistic wave function φ S and should not be associated with the zitterbewegung.
Vacuum polarization corrections and self-energy effects are not included in (17) . These corrections will be discussed in the two following sections.
Vacuum Polarization Effects
As pointed out in [20, 21] , the electronic vacuum polarization enters already at the order of α 3 [more precisely, α (Zα) 2 ] in bound systems with spinless particles, because the spinless particles are much heavier than the electron, which means that the Bohr radius of the bound system is roughly of the same order of magnitude as the Compton wavelength of the electron. The Compton wavelength of the electron, however, is the fundamental length scale at which the charge of any bound particle is screened by the electronic vacuum polarization.
The vacuum polarization (VP) correction to energy levels has been evaluated analytically [5, 20, 22, 23] with nonrelativistic wave functions. We recall that the leading-order VP correction (due to the Uehling potential) can be expressed as
is the Schrödinger binding energy for a two-body system with two particles each of mass m [first term on the right-hand side of (17)]. For the C E coefficients, we recall the following known results [5] ,
Of course, the analytic treatment of [20, 22, 23] can be improved by evaluating the Uehling correction with relativistic wave functions rather than nonrelativistic ones. The result obtained by numerically solving the Klein-Gordon equation and numerically evaluating the Uehling correction is shown in the sixth row of Tab. 1. This relativistic result is in very good agreement with Eq. (23) . As pointed out in [24] , the strong interaction correction is also an α 3 effect (like the vacuum polarization) and enters at a relative order of α, i.e. on the level of about 1 % in pionium. This effect is not considered here, and corrections due to the (inner) polarizability of the pion are also neglected. We recall here also the known results for the vacuum polarization correction to the charge density at the origin [20, 23] ,
Two-loop vacuum polarization effects enter at a relative order α 2 in pionium and are therefore of the same order of magnitude as the relativistic corrections mediated by the Breit interaction (discussed in Sec. 2 and termed "two-body correction" in Tab. 1). The self-energy correction which is discussed in the following section is even smaller, but of considerable theoretical interest.
Effects due to Scalar QED
As shown in [25] , the leading logarithmic correction to the self energy can be obtained, in nonrelativistic approximation, from second-order perturbation theory based on nonrelativistic quantum electrodynamics [26] (see also [27] ). The quantized electromagnetic field is [see Eq. (5) of [25] ],
and the nonrelativistic interaction Hamiltonian reads [see Eq. (7) of [25] ],
So, the second-order perturbation, evaluated on the atomic state, is given by
where the unperturbed Hamiltonian of the particle and the electromagnetic field reads [see Eq. (6) of [25] ],
The low-energy part in leading order (see [28] ) can be inferred directly from (27) , and it can be seen that the spin-dependent parts from (26) vanish in the leading order in the (Zα)-expansion [25] :
is the Schrödinger energy (m r is the reduced mass of the atomic system). Using the ǫ-method developed and used in various bound-state calculations [28] [29] [30] , it is now relatively straightforward to show, starting from the spin-independent expression (29) , that the leading "self-energy logarithm" for S states is given by
This result is by consequence spin-independent. The formula (31) is consistent with Welton's argument for estimating the self-energy effect on a bound particle which is based on analyzing the influence of the fluctuating electromagnetic field [a detailed discussion is given on pp. 80-82 of [8] ]. For a system with two particles of equal mass, we have m r = m/2. It has also been shown in [25] that the leading logarithm of of so-called Salpeter correction, which can roughly be characterized as a relativistic recoil (RR) correction for a system of two particles with masses m 1 and m 2 , is spin-independent,
For pionium, we have Z = 1, m 1 = m 2 = m = m π , m r = m π /2. The leading logarithmic correction from scalar QED for pionium in the order of α 5 ln α is obtained by adding the corrections (31), and (32), taking into account that both particles acquire self-energy contributions,
Note that, in contrast to the self-energy corrections, the vacuum polarization corrections given in Eq. (24) must not be double-counted [31] . The non-logarithmic term of order α 5 is spin-dependent, and its evaluation requires a relativistic treatment of the self-energy effect of a bound spinless particle; such a calculation would be of considerable theoretical interest, but the size of the effect for pionium, which is roughly two orders of α smaller than the leading vacuum polarization correction, precludes experimental verification in the near future. However, we would like to point out here that a fully relativistic treatment of this problem, including a detailed discussion of the renormalization of the self energy of the spinless particle, has not yet been accomplished. Scalar QED is a renormalizable theory [8] .
The dominance of vacuum polarization over self-energy effects in pionium is expressed, in particular, by the fact that even two-loop vacuum polarization of order α 4 has a stronger effect on the spectrum of pionium than the leading logarithm form Eq. (33), and that the stronginteraction correction of order α 3 [24] has to well understood before any experimental verification of (33) appears feasible. Finally, we remark that for a manifestly non-elementary particle like the pion, form-factor corrections and corrections due to inner polarizability have to be taken into account. 
Numerical evaluation of QED corrections
In order to provide a more complete picture of pionium we have evaluated numerically a number of QED corrections to the 1S level of pionium. We explicitly exclude QCD corrections whose evaluation represents a difficult separate problem [24] . We proceed as follows (see the sequence of the rows of Tab. 1):
• We start from the one-body Klein-Gordon energy for a particle of (reduced) mass m/2, given in Eq. (18), including relativistic corrections of order (Zα) 4 .
• We use a Klein-Gordon equation numerical solver developed for pionic atoms which was developed originally for the precise evaluation of vacuum polarization corrections [32, 33] in order to supplement the (almost neglible) difference between the exact one-body relativistic Klein-Gordon energy and the (Zα) 4 -result from Eq. (18), thereby confirming the expression (18) for the relativistic correction.
• The effect due to the pion Coulomb form factor is also included in an approximative framework by replacing in the numerical solution of the Klein-Gordon equation the Coulomb potential by the interaction potential of two uniformly charged spheres of mean-square radius R rms = 0.61 fm. For the calculation, we employ the radius and the pion mass from the particle data group [34] (all other physical constants used in the evaluations come from the 1998 adjustment [35] ).
• We add as a "two-body correction" the difference of the results from Eq. (17) for the energy of the relativistic two-body system and the one-body result given in Eq. (18).
• The Uehling potential is evaluated in a relativistic framework, using the relativistic numerical equation solvers [32, 33] . The result is in very good agreement with the nonrelativistic treatment discussed in Sec. 3 (this is natural because Z = 1).
• The higher-order VP corrections attributed to Wichmann-Kroll [36] and Källén-Sabry [37] are supplemented, as well as an evaluation of the iterated loop-after-loop Uehling contribution to all orders in α. The Wichmann-Kroll correction [36] is here negligible because Z = 1. VP potentials given in Ref. [38] are used. More details about the numerical procedure to evaluate these corrections can be found in Ref. [39] .
• Finally, the effects due to the scalar self-energy given in Eq. (31) and the relativistic recoil (Salpeter) correction listed in Eq. (33) are added.
The main observation one can draw from Tab. 1 is that the vacuum-polarization is 300 times larger than the self-energy. Even the Källén and Sabry correction, while of order α 2 is about twice as large as the self-energy correction. The iterated Uehling correction, while dominated by terms of order α 2 is dominated in turn by the scalar self-energy. Nevertheless, we stress here that the numbers contained in Tab. 1 will be modified when the Klein-Gordon equation is solved with the strong interaction potential incorporated directly into the equation solver. Analogously, one cannot avoid having to solve the Dirac equation exactly for high-Z systems where the electron wave function rests significantly inside the nucleus [40] . At present, in view of the formidable experimental difficulties associated with a study of the atomic spectrum of pionium, we give the numbers in Tab. 1 as an indication of the relative size and order-of-magnitude of the specific QED corrections.
Conclusion
We have presented in Sec. 2 a simplified derivation for the relativistic and recoil corrections of order α 4 to a bound state of two spinless particles. The results agree with previous calculations [17] . As evident from equation (15), the zitterbewegung term is absent in a bound system of two spinless particles.
The self-energy effect is suppressed in systems with spinless particles in comparison to the vacuum polarization effect as discussed in Secs. 3 and 4, because the lightest known spinless particle is much heavier than the electron, which implies that the vacuum polarization effect is larger by two orders of Zα than the self-energy effect in bound systems of spinless particles. We provide a complete result for the leading scalar-QED correction of order α 5 ln α in Sec. 4. A list of QED corrections to the 1S level of pionium is presented in Tab. 1.
